Published by Institute of Physics Publishing for SISSA/ISAS Received: July 27, 2003 Revised: September 29, 2003 Accepted: September 29, 2003

Supersymmetry in noncommutative superspaces

Sergio Ferrara

CERN, Theory Division CH 1211 Geneva 23, Switzerland, and INFN, Laboratori Nazionali di Frascati Via E. Fermi,40 I-00044 Frascati (Rome) Italy E-mail: ferrara@physics.ucla.edu

María A. Lledó

INFN, Sezione di Torino and Dipartimento di Fisica, Politecnico di Torino Corso Duca degli Abruzzi 24, I-10129 Torino, Italy E-mail: maria.lledo@polito.it

Oscar Maciá

Departament de Física Teòrica, Universitat de València C. Dr. Moliner, 50 E-46100, Burjassot. València, Spain E-mail: oscar@ific.uv.es

Abstract: Non commutative superspaces can be introduced as the Moyal-Weyl quantization of a Poisson bracket for classical superfields. Different deformations are studied corresponding to constant background fields in string theory. Supersymmetric and non supersymmetric deformations can be defined, depending on the differential operators used to define the Poisson bracket. Some examples of deformed, 4 dimensional lagrangians are given. For extended superspace (N > 1), some new deformations can be defined, with no analogue in the N = 1 case.

Keywords: Superspaces, Non-Commutative Geometry.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep092003068 /jhep092003068 .pdf

Contents

1. Introduction 1

2. Generalities on super Poisson brackets 2

3. Supersymmetric Poisson brackets and star products 4 3.1 Supersymmetric Poisson brackets 5 3.2 Non supersymmetric Poisson brackets 7 3.3 Moyal-Weyl star products 8

4. Deformed extended superspace: chiral and harmonic superfields 9

5. Wess-Zumino model in non commutative superspace 11 5.1 1/2 supersymmetric lagrangian in euclidean superspace 12 5.2 A comment on N = 2 theories 13 5.3 An example with P^{μα} ≠ 0 13 5.4 Supersymmetric lagrangian in minkowskian superspace 14

1. Introduction

Non commutative geometry and supergeometry naturally arise in string theory in several contexts. Among others, we may mention the work of Connes, Douglas and Schwarz [1] where non commutative tori where introduced as possible compactification spaces of M theory, the work of Banks, Fischler, Shenker and Susskind [2] where M-theory was related to the N → ∞ limit of the supersymmetric matrix quantum mechanics describing D0- branes and the work of Seiberg and Witten [3] where a certain limit of the string dynamics is described by a gauge theory in presence of a non zero background field B_{μν} . (For a review, see ref. [4], and references therein).

More recently, the extension of non commutativity to odd variables has been related to the presence of other background fields. The R-R field strength backgrounds give rise to a deformation of type θ − θ [5], and the gravitino background gives rise to an x − θ deformation [6].

Field theories in non commutative spaces have been considered in the literature in a broader context, where a huge amount of work has been done. For an introduction to different aspects of the subject, see for example refs. [7]–[12].

In connection with string theory, supersymmetric theories have been considered mainly where the deformation of superspace affects only the spacetime part (x − x deformations). There, the extension of Wess-Zumino [13, 14] and Yang-Mills models is straightforward

– 1 – once the gauge invariance in superspace is properly defined [14]. Also in ref. [14] the possibility of a supersymmetric deformation of superspace with non vanishing θ − θ deformation was explored. In fact, the possibility of having fermi coordinates that have a non zero anticommutator was already studied in the literature [15, 16]. From a more mathematical point of view, non commutative supermanifolds and supervarieties have also been considered in the literature [17]–[19].

Starting from the observation of Ooguri and Vafa [5], deformations of the anticommuting variables have acquired renewed interest. The effect of such deformations in the lagrangian has been investigated by Seiberg [20] and Berkovits and Seiberg [21].

In the present paper we consider a variety of deformations, both for N = 1 and extended (N = 2) supersymmetry in D = 4. These deformations vary according the differential operators chosen to construct the Poisson bracket that afterwards becomes quantized with a star product of Moyal-Weyl type. In particular, we show explicitly the difference between the deformation considered in ref. [14] and the one proposed in ref. [20]. The first one has the advantage of being manifestly supersymmetric, the second one, although it explicitly breaks one half of the supersymmetry, allows the definition of chiral and antichiral superfields, which form subalgebras of the star product. This was not possible with the supersymmetric deformation, and allows a simple generalization of super Yang-Mills theories to the deformed superspace. For the Wess-Zumino model both deformations lead to the same lagrangian, preserving 1/2 of the supersymmetry.

We also consider deformations of type x − θ and explore the consequences of these in the lagrangian for some simple cases.

Finally we study deformations of extended superspaces where new possibilities arise. For example, one can consistently have a non trivial θ −θ̄ anticommutator, which is related to having constant vector backgrounds. This corresponds to deformations of harmonic superspace [22].

The paper is organized as follows. In section 2 we remind some known facts about Poisson brackets in superspace and fix the notation. Section 3 is devoted to the definition of supersymmetric Poisson brackets and their Moyal-Weyl deformation. In particular, we obtain the formula for the Moyal-Weyl deformation in presence of an x − θ deformation. In section 4 we consider extended superspace and its deformations. In section 5 we study the deformed Wess-Zumino model in different scenarios.

2. Generalities on super Poisson brackets

We consider the superalgebra A = C^∞(R^n ) ⊗ Λ(R^m ) which has an obvious Z_2 grading. We say that an even element ϕ has parity p(ϕ) = p_ϕ = 0 and an odd element has parity p(ϕ) = p_ϕ = 1. We have that

p(ϕψ) = p(ϕ) + p(ψ) mod (2)

Even and odd elements are homogeneous elements.

A Poisson bracket on A is a bilinear operation { , } : A × A → A

– 2 – such that for homogeneous elements ϕ, ψ and χ

1. p({ϕ, ψ}) = p(ϕ) + p(ψ) (it is an even Poisson bracket). 2. {ϕ, ψ} = −(−1)^{pϕpψ} {ψ, ϕ}. 3. (Derivation property) {ϕϕ^′, ψ} = ϕ{ϕ^′, ψ} + (−1)^{p′ϕpψ} {ϕ, ψ}ϕ^′ {ϕ, ψψ^′} = (−1)^{pψ pϕ} ϕ{ϕ, ψ^′} + {ϕ, ψ}ψ^′ . 4. (Graded Jacobi identity) {ϕ, {ψ, χ}} + (−1)^{pχ(pϕ+pψ)}{χ, {ϕ, ψ}} + (−1)^{pϕ(pψ +pχ)}{ψ, {χ, ϕ}} = 0 . Let us denote A = a , for A = 1, . . . n , A = α + n , for A = n + 1, . . . n + m. z^A denotes generically all variables x^a and θ^α. Then, a Poisson bracket on A can be written as {ϕ, ψ} = ϕ ←− ∂_AP^{AB} −→ ∂_B ψ , (2.1)

where ←− ∂_A = ←− ∂ ∂z^A , −→ ∂_A = −→ ∂ ∂z^A are respectively right and left derivatives. They both coincide with the ordinary derivative in the case that z^A is an even variable. For odd variables one has (f(x)θ^{α1} . . . θ^{αk} ξθ^{β1} . . . θ^{βl} ) ←− ∂_ξ = (−1)^l(f(x)θ^{α1} . . . θ^{αk} θ^{β1} . . . θ^{βl} ) , −→ ∂_ξ(f(x)θ^{α1} . . . θ^{αk} ξθ^{β1} . . . θ^{βl} ) = (−1)^k(f(x)θ^{α1} . . . θ^{αk} θ^{β1} . . . θ^{βl} ) , so ϕ ←− ∂_A = (−1)^{pA(pϕ+1)} −→ ∂_Aϕ . They are odd derivations of the algebra A: −→ ∂_ξ(ϕψ) = −→ ∂_ξ(ϕ)ψ + (−1)^{pξ pϕ} ϕ −→ ∂_ξ(ψ), (left derivation) , (ϕψ) ←− ∂_ξ = ϕ(ψ) ←− ∂_ξ + (−1)^{pξ pψ} (ϕ) ←− ∂_ξψ, (right derivation).

Right and left derivatives are chosen in such way that for F ∈ A dF = F ←− ∂_ξdθ = dθ −→ ∂_ξF . If P^{AB} = −(−1)^{pApB} P^{BA} and p(P^{AB}) = p_A + p_B, then properties 1,2,3 are automatically satisfied.

– 3 –

If we want to consider a constant Poisson bracket (P^{AB} = constant, that is, indepen-

dent of z^A), we have to extend the scalars to a commutative superalgebra. The Poisson

tensor can be written in coordinates as a matrix with blocks ( T_{ab} R_{aβ} S_{αb} U_{αβ}. )

Then the entries of R and S are odd scalars. The algebra will be A[ξ^1, . . . ξ^s] = C^∞ (R^n ) ⊗

Λ(R^m ) ⊗ Λ(R^s ), where the odd generators ξ^i ∈ Λ(R^s ) are considered as scalars (inert under

the derivations). Then, the graded Jacobi identity is also satisfied.

3. Supersymmetric Poisson brackets and star products

We consider a four dimensional space time with coordinates x^μ, μ = 0, . . . 3 and minkow-

skian signature. For the moment being we take N = 1 supersymmetry, with one complex

Weyl spinor θ^α, α = 1, 2, generating the odd part of the superspace. On the space of

superfields the covariant left derivatives are defined as −→ D_αΦ = −→ ∂_αΦ + iσ^μ_{αα̇}θ̄^{α̇}∂_μΦ −→¯ D_{α̇}Φ = − −→ ∂_{α̇}Φ − iθ^ασ^μ_{αα̇}∂_μΦ satisfying an algebra { −→ D_α, −→ D_β} = { −→¯ D_{α̇}, −→¯ D_{β̇}} = 0 { −→ D_α, −→¯ D_{α̇}} = −2iσ^μ_{αα̇}∂_μ . Given a left derivation −→ D of degree p_D, that is, −→ D (ΦΨ) = −→ D (Φ)Ψ + (−1)^{pD pΦ} Φ −→ D (Ψ) ,

one can define a right derivation ←− D , also of degree p_D

(ΦΨ) ←− D = Φ(Ψ) ←− D + (−1)^{pD pΨ} (Φ) ←− D Ψ , in the following way Φ ←− D = (−1)^{pD (pΦ+1)} −→ D Φ . Then we can define the right covariant derivatives as Φ ←− D_α = Φ ←− ∂_α − i∂_μΦσ^μ_{αα̇}θ̄^{α̇} Φ ←−¯ D_{α̇} = −Φ ←−¯ ∂_{α̇} + i∂_μΦθ^ασ^μ_{αα̇} .

They satisfy an algebra { ←− D_α, ←− D_β} = { ←−¯ D_{α̇}, ←−¯ D_{β̇}} = 0 { ←− D_α, ←−¯ D_{α̇}} = +2iσ^μ_{αα̇}∂_μ .

– 4 –

On may notice that for any two odd derivations [ ←− D, −→ D^′]Φ = (−1)^{pΦ} { −→ D, −→ D^′}Φ . (3.1)

The supersymmetry algebra is realized as an algebra of left derivations on superspace −→ Q_α = −→ ∂_α − iσ^μ_{αα̇}θ̄^{α̇}∂_μ , −→¯ Q_α = − −→¯ ∂_{α̇} + iθ^ασ^μ_{αα̇}∂_μ , satisfying { −→ Q_α, −→ Q_β} = { −→¯ Q_{α̇}, −→¯ Q_{β̇}} = 0 { −→ Q_α, −→¯ Q_{α̇}} = +2iσ^μ_{αα̇}∂_μ . One has also { −→ D_α, −→ Q_β} = { −→ D_α, −→¯ Q_{β̇}} = { −→¯ D_{α̇}, −→ Q_β} = { −→¯ D_{α̇}, −→¯ Q_{β̇}} = 0 . (3.2)

3.1 Supersymmetric Poisson brackets

On the space of complex superfields one can consider the following Poisson bracket, which is a generalization of the Poisson bracket considered in [14]:

{Φ, Ψ}_1 = P^{μν} ∂Φ ∂x^μ ∂Ψ ∂x^ν + P^{αβ} Φ ←− D_α −→ D_βΨ + ∂Φ ∂x^μ P^{μα} −→ D_αΨ − Φ ←− D_αP^{μα} ∂Ψ ∂x^μ . (3.3)

This satisfies the Jacobi identity with P^{μν} antisymmetric, P^{αβ} symmetric, P^{μα} arbitrary (and odd), and all of them constant. It will be convenient to take P^{μν} pure imaginary, while the other matrices are just complex. Because of (3.1) and (3.2), { , }_1 is a supersymmetric Poisson bracket, that is, the supersymmetry charges are derivations with respect to the Poisson bracket, −→ Q{Φ, Ψ} = {−→ QΦ, Ψ } + (−1)^{pΦ} { Φ, −→ QΨ } −→¯ Q {Φ, Ψ} = {−→ Q̄Φ, Ψ } + (−1)^{pΦ} { Φ, −→¯ QΨ } . One can replace D by D̄ in (3.3) and write another Poisson bracket

{Φ, Ψ}_2 = P^{μν} ∂Φ ∂x^μ ∂Ψ ∂x^ν + P^{α̇β̇}Φ ←−¯ D_{α̇} −→¯ D_{β̇}Ψ + ∂Φ ∂x^μ P^{μα̇} −→¯ D_{α̇}Ψ − Φ ←−¯ D_{α̇}P^{μα̇} ∂Ψ ∂x^μ , but one cannot have in principle terms with both derivatives, D and D̄, since they do not anticommute, and the Jacobi identity will not be immediately satisfied. A consequence of this is that { , }_{1,2} are degenerate in the space of odd variables. Another consequence is that in minkowskian space the Poisson brackets do not satisfy a reality condition,

{Φ^∗, Ψ^∗}_{1,2} ≠ {Ψ, Φ}^∗_{1,2} ,

which does not mean that they are ill defined nor inconsistent in any way. If we take (P^{αβ} )^∗ = P^{α̇β̇} and (P^{μα})^∗ = −P^{μα̇}, they satisfy instead the relation

{Φ^∗, Ψ^∗}_{1,2} = {Ψ, Φ}^∗_{2,1} .

– 5 –

In section 5.4 we will use the quantization of these Poisson brackets to give a prescription for a deformed Wess-Zumino lagrangian which is invariant with respect to the whole supertranslation algebra.

In other signatures or dimensions, a similar, supersymmetric Poisson bracket may admit such a reality condition [24].

Chiral superfields, D̄_{α̇}Φ = 0, are a Poisson subalgebra of { , }_2 (as antichiral superfields, D_{α̇}Φ = 0, are a Poisson subalgebra of { , }_1). Indeed, the Poisson structures restricted to these subspaces involve only the even coordinates x^μ.

It is useful to express { , }_{1,2} in terms of ordinary derivatives:

{Φ, Ψ}_1 = ( P^{μν} + C^{μν}θ̄θ̄ + iP^{μα}σ^ν_{αα̇}θ̄^{α̇} − iP^{να}σ^μ_{αα̇}θ̄^{α̇} ) ∂_μΦ∂_ν Ψ +

+ ∂_μΦ ( iP^{αβ}σ^μ_{αα̇}θ̄^{α̇} + P^{μβ} ) −→ ∂_βΨ − Φ ←− ∂_α ( iP^{αβ} σ^ν_{ββ̇}θ̄^{β̇} + P^{να} ) ∂_ν Ψ +

+ P^{αβ}Φ ←− ∂_α −→ ∂_βΨ , {Φ, Ψ}_2 = ( P^{μν} + θθD^{μν} − iP^{μα̇}θ^ασ^ν_{αα̇} + iP^{μα̇}θ^ασ^μ_{αα̇} ) ∂_μΦ∂_ν Ψ +

+ ∂_μΦ ( iP^{α̇β̇}θ^ασ^μ_{αα̇} − P^{μβ̇} ) −→ ¯∂_{β̇}Ψ − Φ←−¯∂_{α̇} ( iP^{α̇β̇}θ^βσ^ν_{ββ̇} − P^{να̇} ) ∂_ν Ψ +

+ P^{α̇β̇}Φ ←−¯ ∂_{α̇} −→¯ ∂_{β̇}Ψ ,

where C^{μν} = 1 2 P^{αβ} σ^μ_{αα̇}σ^ν_{ββ̇} ϵ^{α̇β̇} , D^{μν} = − 1 2 P^{α̇β̇}ϵ^{αβ} σ^μ_{αα̇}σ^ν_{ββ̇} . From these formulas the commutation rules of the basic variables x^μ, θ^α, θ̄^{α̇} can be read directly.

We make now a change of variables [25]

x^μ , θ^α , θ̄^{α̇} −→ y^μ = x^μ + iθ^ασ^μ_{αα̇}θ̄^{α̇} , θ^α, θ̄^{α̇} .

A superfield may be expressed in both coordinate systems Φ(x, θ, θ̄) = Φ^′(y, θ, θ̄) . The covariant derivatives and supersymmetry charges take the form −→ D_αΦ^′ = −→ ∂_αΦ^′ + 2iσ^μ_{αα̇}θ̄^{α̇} ∂Φ^′ ∂y^μ −→¯ D_{α̇}Φ^′ = − −→ ∂_{α̇}Φ^′ , −→¯ Q_{α̇}Φ^′ = − −→ ∂_{α̇}Φ^′ + 2iθ^ασ^μ_{αα̇} ∂Φ^′ ∂y^μ −→ Q_αΦ^′ = −→ ∂_αΦ^′ .

In the new coordinates the brackets { , }_{1,2} become

{Φ^′, Ψ^′}_1 = ( P^{μν} + 4C^{μν}θ̄θ̄ + 2iP^{μα}σ^ν_{αα̇}θ̄^{α̇} − 2iP^{να}σ^μ_{αα̇}θ̄^{α̇} ) ∂Φ^′ ∂y^μ ∂Ψ^′ ∂y^ν + + ∂Φ^′ ∂y^μ ( 2iP^{αβ} σ^μ_{αα̇}θ̄^{α̇} + P^{μβ} ) −→ ∂_βΨ^′ − Φ^′ ←− ∂_α ( 2iP^{αβ} σ^ν_{ββ̇}θ̄^{β̇} + P^{να} ) ∂Ψ′ ∂y^ν + + P^{αβ} Φ^′ ←− ∂_α −→ ∂_βΨ^′,

{Φ^′, Ψ^′}_2 = P^{μν} ∂Φ^′ ∂y^μ ∂Ψ^′ ∂y^ν + P^{α̇β̇}Φ^′ ←−¯ ∂_{α̇} −→¯ ∂_{β̇}Ψ^′ + ∂Φ^′ ∂y^μ P^{μα̇} −→¯ ∂_{α̇}Ψ^′ − Φ^′ ←−¯ ∂_{α̇}P^{μα̇} ∂Ψ^′ ∂y^μ , which simplifies { , }_2.

– 6 –

3.2 Non supersymmetric Poisson brackets

One can define different Poisson brackets by making use of the operators Q_α and Q̄_{α̇}. In fact, the operators D’s and the Q’s play interchangeable roles. Consider for example the brackets [20]

{Φ, Ψ}_3 = P^{μν} ∂Φ ∂x^μ ∂Ψ ∂x^ν + P^{αβ} Φ ←− Q_α −→ Q_β Ψ + ∂Φ ∂x^μ P^{μα} −→ Q_αΨ − Φ ←− Q_αP^{μα} ∂Ψ ∂x^μ {Φ, Ψ}_4 = P^{μν} ∂Φ ∂x^μ ∂Ψ ∂x^ν + P^{α̇β̇} Φ ←−¯ Q_{α̇} −→¯ Q_{β̇} Ψ + ∂Φ ∂x^μ P^{μα̇} −→¯ Q_{α̇}Ψ − Φ ←−¯ Q_{α̇}P^{μα̇} ∂Ψ ∂x^μ , (3.4)

where the right acting charges are Φ ←− Q_α = Φ ←− ∂_α + i ∂Φ ∂x^μ σ^μ_{αα̇}θ̄^{α̇} Φ ←−¯ Q_{α̇} = Φ ←−¯ ∂_{α̇} + i ∂Ψ ∂x^μ θ^ασ^μ_{αα̇} . In terms of the coordinates y, θ, θ̄, the bracket { , }_3, for example, becomes

{Φ^′, Ψ^′}_3 = P^{μν} ∂Φ^′ ∂y^μ ∂Ψ^′ ∂y^ν + P^{αβ} Φ^′ ←− ∂_α −→ ∂_βΨ^′ + ∂Φ ∂y^μ P^{μα} −→ ∂_αΨ − Φ ←− ∂_αP^{μα} ∂Ψ ∂y^μ . The quantization of this bracket with P^{μν} = P^{μα} = 0 was explored in ref. [20]. Since {Q, Q̄} ≠ 0, this bracket is not supersymmetric with respect to the charges Q̄, that is, −→¯ Q{Φ, Ψ}_3 ≠ {−→ Q̄Φ, Ψ } 3 + (−1)^{pΦ} { Φ, −→¯ QΨ } 3 , although it is still supersymmetric with respect to the charges Q. Because of (3.2), one has instead that the operators D and D̄ are derivations with respect to this bracket, −→ D{Φ, Ψ}_{3,4} = {−→ DΦ, Ψ } 3,4 + (−1)^{pΦ} { Φ, −→ DΨ } 3,4 −→¯ D{Φ, Ψ}_{3,4} = {−→ D̄Φ, Ψ } 3,4 + (−1)^{pΦ} { Φ, −→¯ DΨ } 3,4 . It follows that the subspaces of chiral (D̄Φ=0) and antichiral (DΦ=0) superfields are Poisson subalgebras of { , }_{3,4}.

One could use a different change of variables x^μ, θ^α, θ̄^{α̇} −→ ȳ^μ = x^μ − iθ^ασ^μ_{αα̇}θ̄^{α̇}, θ^α, θ̄^{α̇} , with superfields Φ(x, θ, θ̄) = Φ^{′′}(ȳ, θ, θ̄) . The brackets { , }_1 and { , }_4 would acquire simpler forms. The procedure is identical and we will not repeat it here.

– 7 –

3.3 Moyal-Weyl star products

Generically we consider Poisson brackets of the form

{Φ, Ψ} = Φ ←− D_AP^{AB} −→ D_B Ψ , (3.5)

where the index A runs over all the variables, even and odd. The derivations −→ D_A commute (or anticommute) with each other and −→ D_C P^{AB} = 0. The matrix P^{AB} has the right symmetry properties for (3.5) to be a Poisson bracket. Under these assumptions there is an associative star product of Moyal-Weyl type, defined by

Φ ⋆ Ψ = e^{hP} (Φ, Ψ) = ∞∑ n=0 h^n n! P^n(Φ, Ψ) , (3.6)

where

P^n(Φ, Ψ)= ∑ A_1,···A_n;B_1,···B_n (−1)^{ρB1···BnA}1^{···An} ·Φ ←− D_{A1} ←− D_{A2} · · · ←− D_{An}P^{A1B1} P^{A2B2} · · ·P^{AnBn} −→ D_{Bn} · · · −→ D_{B2} −→ D_{B1}Ψ ,

and ρ^{B1···Bn} A_1···A_n = n−1∑ i=1 (p_{Ai} + p_{Bi} ) n∑ j=i+1 p_{Aj} . The associativity of the star product ϕ ⋆ (ψ ⋆ χ) = (ϕ ⋆ ψ) ⋆ χ , follows from the associativity in the purely even case (see for example [23]).

The sign ρ it is needed to take into account the odd character of P^{μα}. The procedure is as follows. We decompose again A = (μ, α) and we define −→ K_a = δ_{μa}P^{μα} −→ D_α , where a and μ run over the same set of numbers. Then −→ K_a is an even derivation. The Poisson bracket can be written as

{Φ, Ψ} = P^{μν} Φ ←− D_μ −→ D_ν Ψ + P^{αβ} Φ ←− D_α −→ D_βΨ + δ^{μa} ( Φ ←− D_μ −→ K_aΨ − Φ ←− K_a −→ D_μΨ ) . This is a Poisson bracket with P̃^{AB} of block diagonal type (the index A now runs over (μ, a, α)). Then we can apply the standard formula for the Moyal-Weyl product (see for example ref. [14]) and obtain the quantization. Returning to the previous notation gives the sign ρ. In the case where P^{AB} is block diagonal (that is, P^{AB} is always even), then ρ = 0.

Notice that because of ∂Φ ∂x^μ = ∂Φ^′ ∂y^μ = ∂Φ^{′′} ∂ȳ^μ , the star products defined by (3.6) in each of the three sets of coordinates (x, θ, θ̄), (y, θ, θ̄), (ȳ, θ, θ̄) is exactly the same.

– 8 –

From the explicit formula for the quantization of the Poisson bracket (3.5), one has that if a derivation K (anti)commutes with D, it is also a derivation either, of the Poisson bracket and of the corresponding star product,

K(Φ ⋆ Ψ) = (KΦ) ⋆ Ψ + (−1)^{pKpΦ} Φ ⋆ K(Ψ) .

So a supersymmetric Poisson bracket gives rise to a supersymmetric star product.

We remark again that in minkowskian signature the star products defined here do not satisfy a reality condition Φ̄ ⋆ Ψ̄ ≠ Ψ ⋆ Φ ,

but they are perfectly consistent (for reality conditions on star products, see for example ref. [26]). As for the Poisson brackets we have

Φ̄ ⋆_1 Ψ̄ = Ψ ⋆_2 Φ , Φ̄ ⋆_3 Ψ̄ = Ψ ⋆_4 Φ .

4. Deformed extended superspace: chiral and harmonic superfields

We consider now the case of a superspace with extended supersymmetry, in which more star products exist. In particular, there exists a star product that is not only invariant under supertranslations but also Lorentz invariant. For definiteness we consider a Poisson bracket of type { , }_1 with P^{μν} = P^{μα} = 0. The same arguments could be used for brackets of type { , }_{2,3,4}.

Let i, j = 1, . . . N. We have {Φ, Ψ} = P^{iα jβ}Φ ←− D_{αi} −→ D_{βj}Ψ . (4.1)

The matrix P^{iα jβ} must be symmetric under the simultaneous exchange i ↔ j and α ↔ β. We can write P^{iα jβ} = P^{ij αβ}_s + P^{i j}_a ϵ^{α β} , (4.2)

where the subscripts a and s mean that the matrix is antisymmetric or symmetric respectively. The first term is symmetric under the independent exchanges i ↔ j and α ↔ β.

The second term is Lorentz invariant. Any Poisson bracket containing only the second term will be Lorentz invariant, and then super Poincaré invariant. This term has no analogue in N = 1 .

We could choose P^{ij αβ}_s = δ^{ij} P^{αβ}_s . Then first term would be O(N) invariant. For N = 2 we could choose P^{αi βj} = P ϵ^{ij}ϵ^{αβ} . Then, since ϵ^{ij} is an invariant form of SO(2) we can have SO(2) invariance and Lorentz invariance simultaneously. More generally, we can decompose (4.2) in terms of representations of SO(2) P^{iα jβ} = δ^{ij} P^{αβ}_{0s} + P^{ij αβ}_{T s} + P_{0a}ϵ^{ij}ϵ^{α β} , where the first and last terms are SO(2) singlets and the second term is the SO(2) doublet corresponding to the traceless part, (P^{ij αβ}_{T s} δ_{ij} = 0). The second term does not exist in N = 1.

– 9 –

It is convenient to make the change of variables θ^{±α} = 1 √ 2 ( θ^{1α} ± iθ^{2α} ) , θ̄^{±α̇} = 1 √ 2 ( θ^{1α̇} ± iθ^{2α̇} )

so that (θ^{+α})^∗ = θ̄^{−α̇}. The labels ± are charges under SO(2). (4.2) becomes P^{±α ∓β} = i(P^{αβ}_{0s} ∓ P_{0a}ϵ^{αβ}) , P^{±α ±β} = i(P^{1α 1β}_{T s} ± P^{1α 2β}_{T s} ) . This is a suitable basis to describe harmonic superspace [22]. We make a shift in the superspace variables

x^μ, θ^±, θ̄^± −→ y^μ = x^μ + iθ^+σ^μθ̄^− − iθ^−σ^μθ̄^+, θ^±, θ̄^± .

In this basis the covariant derivatives become

D^+_α = ∂ ∂θ^{−α} , D^−_α = − ∂ ∂θ^{+α} + 2iθ̄^{−α̇}σ^μ_{αα̇}∂_μ D̄^+_{α̇} = ∂ ∂θ̄^{−α̇} , D̄^−_{α̇} = − ∂ ∂θ̄^{+α̇} − 2iθ^{−α}σ^μ_{αα̇}∂_μ . The change of basis can be expressed as

D^±_α = U^±_i D^i_α ,

with U^±_i being harmonics in S^2. The only non zero anticommutators are

{D^+_α , D̄^−_{α̇} } = −{D^−_α , D̄^+_{α̇} } = −2iσ^μ_{αα̇}∂_μ .

Chiral superfields satisfy D̄^±_{α̇} Φ_c = 0 ,

while harmonic superfields are defined as

D^−_α Φ_h = D̄^−_{α̇} Φ_h = 0 .

In N = 2 superspace, chiral superfields describe vector multiplets while harmonic superfields describe hypermultiplets.

One could choose for example a deformation like, {Φ, Ψ} = P^{−α,−β}Φ ←− D^+_α −→ D^+_β Ψ + P^{+α,+β}Φ ←− D^−_α −→ D^−_β Ψ + + P^{+α,−β}Φ ←− D^−_α −→ D^+_β Ψ + P^{−α,+β}Φ ←− D^+_α −→ D^−_β Ψ . (4.3)

This has no analogue in N = 1, if P^{−α,−β} or P^{+α,+β} is different from zero. Nevertheless, we have as before that antichiral superfields have Poisson bracket zero, so their product is not deformed.

Another choice could be a deformation like {Φ, Ψ} = P^{−α,−α̇} ( Φ ←− D^+_α −→¯ D^+α̇Ψ + Φ ←−¯ D^+α̇ −→ D^+_α Ψ ) + + P^{−α,−α}Φ ←− D^+_α −→ D^+αΨ + P^{−α̇,−α̇}Φ ←−¯ D^+α̇ −→¯ D^+_{α̇} Ψ . (4.4)

Again, it has no analogue in N = 1. In this case the product in the subspace of antiharmonic superfields (D^+_α Φ_{ah} = D̄^+_{α̇} Φ_{ah} = 0) is not deformed.

– 10 –

If only one term, say P^{−α,−α̇}, is different from zero, then the deformation is given in terms of the vector v^μ = P^{−α,−α̇}σ^μ_{αα̇}.

As in section 3.2, we could do the same analysis with the operators Q’s instead of the operators D’s.

In section 5.2 we will comment about the physical consequences of these deformations.

5. Wess-Zumino model in non commutative superspace

In this section we want to explore the possibility of using the star product to construct lagrangians of physical theories. The “purely even” deformation (that is, a deformation that is non trivial on the coordinates x^μ) has been studied in [14]. In order to see the effects of the non commutativity of the odd variables, we will set P^{μν} = 0. We will analyze the theory in both, euclidean and minkowskian signatures.

In the first place, we will consider a Poisson bracket of type { , }_1 and its quantization, which is supersymmetric. A bracket of type { , }_3 was used in ref. [20], with which we will compare our results.

From now on, unless explicitly stated the star product Φ ⋆ Ψ, without any subindex, will refer to the Moyal-Weyl quantization of { , }_1 with P^{μν} = P^{μα} = 0, so

{Φ, Ψ} = P^{αβ} Φ ←− D_α −→ D_βΨ .

The star product has a finite expansion

Φ ⋆ Ψ = ΦΨ + hP^{αβ} Φ ←− D_α −→ D_βΨ + h^2 4 det P Φ ←− D^2 −→ D^2Ψ

= ΦΨ + hP^{αβ} (−1)^{(pΦ +1)} −→ D_αΦ −→ D_βΨ − h^2 4 det P −→ D^2Φ −→ D^2Ψ , (5.1)

where ←− D^2 = ←− D_α ←− D_βϵ^{αβ} , −→ D^2 = ϵ^{βα} −→ D_α −→ D_β . Another convenient way of expressing the star product is

Φ ⋆ Ψ = ΦΨ + −→ D_α ( hP^{αβ} (−1)^{(pΦ+1)}Φ −→ D_β Ψ + h^2 4 det P −→ D^αΦ −→ D^2Ψ ) , (5.2)

which makes manifest the fact that the difference between the ordinary product and the star product is a total covariant derivative.

From now on we will use only left derivatives and we will denote them simply as D_α, D̄_{α̇}. We will also consider only even superfields, so p_Φ = 0,

The subalgebra of antichiral fields (DΦ_a = 0) does not get deformed,

Φ_a ⋆ Ψ_a = Φ_aΨ_a .

More generally, the star product of an antichiral field with a general field is the commutative product, Φ_a ⋆ Ψ = Φ_aΨ .

– 11 –

5.1 1/2 supersymmetric lagrangian in euclidean superspace

In this subsection we consider a superspace with euclidean signature, so θ and θ̄ are pseudoreal and independent. We will see that the difficulty in defining a star product that is simultaneously supersymmetric and has subalgebras of chiral and antichiral superfields will lead to an explicit breaking of supersymmetry in the lagrangian.

Let Φ be a chiral superfield, and Φ̄ an antichiral superfield. The prescription for the kinetic term in the Wess-Zumino lagrangian is ∫ d^2θd^2θ̄ Φ ⋆ Φ̄ = D^2D̄^2Φ ⋆ Φ̄|_{θ=}¯_{θ=0}

which does not get deformed. The interaction terms that involve powers Φ̄^{(⋆n)} = Φ̄^n (in an obvious notation) do not get deformed neither. These superfields are antichiral, so the classical prescription for the lagrangian ∫ d^2θ̄ Φ̄^n = D̄^2Φ ⋆ Φ̄|¯_{θ=0}

does not break supersymmetry.

We want to analyze the terms that can have a non trivial contribution from the star product, as for example, Φ^{(⋆n)}. This term is not a chiral superfield. But we can still give the prescription ∫ d^2θ Φ^{⋆n} = D^2Φ^{(⋆n)}|_{θ=}¯_{θ=0} .

We will see that this prescription breaks 1/2 of the supersymmetries, the Q̄_α, but it is still invariant under the Q_α.

For n = 2, and using (5.2), we have

D^2(Φ ⋆ Φ) = D^2(Φ^2) .

For n = 3, and using (5.1) we have

D^2(Φ ⋆ Φ ⋆ Φ) = D^2(Φ^3) − h^2 4 det P D^2ΦD^2ΦD^2Φ . (5.3)

Let us express the chiral field in terms of ordinary fields as usual Φ(y, θ) = A(y) + θψ(y) + θθF (y) . Then D^2(Φ ⋆ Φ ⋆ Φ)|_{θ=}¯_{θ=0} = D^2(Φ^3)|_{θ=}¯_{θ=0} − h^2 4 det P F^3 .

The term that is added to the action is proportional to F^3. Since the term Φ^{(⋆3)} is non chiral, the lagrangian cannot be invariant under the whole supersymmetry algebra. Let us see this statement in more detail. Let Ψ be an antichiral superfield DΨ = 0, Ψ(ȳ, θ̄) = B(ȳ) + θ̄χ̄(ȳ) + θ̄θ̄G(ȳ) .

– 12 –

The supersymmetry transformations are

δ_ϵB = 0 δ_{ϵ̄}B = ϵ̄χ̄ δ_ϵχ̄ = −i2ϵσ^μ∂_μB δ_{ϵ̄}χ̄ = 2Gϵ̄ δ_ϵG = iϵσ^μ∂_μχ̄ δ_{ϵ̄}G = 0 . (5.4)

The component B of an antichiral superfield is invariant under the supersymmetries Q. If χ̄ were a total derivative, then the integral of B on space time would be invariant under both, the Q and Q̄ supersymmetries. In particular D^2Θ is an antichiral superfield for arbitrary Θ, and if Θ is itself a chiral superfield then the component χ̄ is a total derivative.

In this case, the lagrangian is constructed as D^2Θ, but Θ contains non chiral terms. As a consequence, the action can only be invariant under half of the supersymmetry generators.

It is remarkable that the lagrangian that we obtain is the same that the one proposed in ref. [20]. There, the star product chosen was the star product quantizing a bracket of type { , }_3 in (3.4). This star product breaks the Q̄ supersymmetries explicitly, and although chiral fields are a good subalgebra of the star product, the resulting lagrangian preserves only half of the supersymmetries.

It is easy to compute some higher order terms in the lagrangian,

D^2(Φ^{(⋆4)}) = D^2Φ^4 − 1 2 det P (D^2Φ^2)D^2ΦD^2Φ ,

D^2(Φ^{(⋆5)}) = D^2Φ^4 + 1 2 det P (D^2Φ)^2D^2Φ^3 + 1 4 det P (D^2Φ^2)^2D^2Φ + 1 16 (det P )^2(D^2Φ)^5 .

As mentioned in ref. [20], the terms appearing in the lagrangian contain P^{αβ} only through the expression det P , so the action is Lorentz invariant.

Quantum properties of the model with the deformation involving the Q_α operators have been studied in refs. [27, 28]

5.2 A comment on N = 2 theories

We remind that for N = 2 theories we considered two types of deformations, (4.3) and (4.4). One could construct theories with the method we have used for N = 1. In the first case (the chiral case), one would expect that the Q̄^±_{α̇} supersymmetry will be broken, while in the second case (the harmonic case) the broken supersymmetries will be Q̄^+_{α̇} , Q^+_α , .

Since N = 2 theories may contain both, chiral and harmonic superfields, such a theory will have three broken supersymmetries, Q̄^±_{α̇} and Q̄^+_{α̇} . This is in agreement with ref. [21].

5.3 An example with P^{μα} ≠ 0

In this section we want to consider an example of a deformation with P^{μα} ≠ 0. Generically P^{μα} ≠ 0 contains 4 × 2 odd parameters, so the expansion of the star product (3.6) will necessarily end at order 8. We consider here the following ansatz: We take P^{μα} = 0 for

– 13 – μ ≠ 1 and P^{1α} ≠ 0. We denote ∂_1 = ∂ and P^2 = P^{1α}P_{1α}. We have

Φ ⋆ Φ = Φ^2 + h^2 2 P^2(D^α∂ΦD_α∂Φ − D^2Φ∂^2Φ)

= Φ^2 + h^2 2 P^2 ( (D^α(∂Φ∂D_αΦ) − ∂(∂ΦD^2Φ) )

= Φ^2 + h^2 2 P^2 ( 1 2 D^2(∂Φ)^2 − ∂(∂ΦD^2Φ) ) . We want to compute the contribution of Φ ⋆ Φ ⋆ Φ to the lagrangian,

D^2 ( (Φ ⋆ Φ)Φ ) = D^2 ( Φ^3 + h^2 2 P^2 ( 1 2 D^2(∂Φ)^2Φ − ∂(∂ΦD^2Φ)Φ ))

⋍ D^2Φ^3 + 3 2 h^2 2 D^2(∂Φ)^2D^2Φ^2 ,

modulo terms that are total spacetime derivatives. The deformation term is proportional to P^2F ( 1 4 ∂ψ∂ψ − ∂A∂F ) ⋍ P^2 ( 1 4 (∂ψ^α∂ψ_α)F + 1 2 F^2□A ) . The term of order 1 in h will appear only if we take more than one superfield. We could have, for example (Φ_1 ⋆ Φ_2)Φ. Assume for simplicity that only one Grassmann parameter P^{μα} is different from zero, so only the first order contributes. We keep nevertheless the Lorentz covariant notation. Then, up to total spacetime derivatives

D^2 ( (Φ_1 ⋆ Φ_2)Φ ) ⋍ P^{μα} ( Φ_1D_αΦ_2∂_μΦ − Φ_1∂_μΦ_2D_αΦ ) ⋍ P^{μα} ( ((A_1ψ_{2α}) − (A_2ψ_{1α}))∂_μF − (A_1F_2 − A_2F_1)∂_μψ_α + + F (ψ_{1α}∂_μA_2 − ψ_{2α}∂_μA_1 + A_1∂_μψ_{2α} − A_2∂_μψ_{1α}) − − (F_1∂_μA_2 − F_2∂_μA_1 + A_1∂_μF_2 − A_2∂_μF_1)ψ_α ) . 5.4 Supersymmetric lagrangian in minkowskian superspace We consider now a superspace with minkowskian signature. We remind that the star product does not have a reality condition, Φ̄ ⋆ Ψ̄ ≠ Ψ ⋆ Φ . (5.5)

Φ and Φ̄ are now related by complex conjugation. The kinetic term Φ ⋆ Φ̄ = ΦΦ̄ is real and not deformed. We consider terms of two types, with the following prescriptions:

1. Φ^{(⋆n)} is a non-chiral superfield. It contributes to the action as ∫ d^2θd^2θ̄ Φ^{(⋆n)} = D^2D̄^2Φ^{(⋆n)}|_{θ=}¯_{θ=0} .

This becomes zero in the classical limit, h → 0, so it is a purely non commutative correction. It is not real, so we follow the standard prescription of adding the hermitean conjugate term to the action, ∫ d^2θd^2θ̄ ( Φ^{(⋆n)} ) = D^2D̄^2 ( Φ^{(⋆n)} ) |_{θ=}¯_{θ=0} .

Notice that because of (5.5), ( Φ^{(⋆n)} ) ≠ Φ̄^{(⋆n)}.

– 14 –

2. Φ̄^{(⋆n)} = Φ̄^n is an antichiral superfield. We introduce it in the action as ∫ d^2θ̄ Φ̄^n = D̄^2Φ̄^n|¯_{θ=0} .

Again, we should add the hermitean conjugate term ∫ d^2θ (Φ̄^n) = D^2(Φ̄^n)|_{θ=0} = D^2(Φ^n)|_{θ=0} .

The kinetic term plus terms of the type 1 and 2 (together with their hermitean conjugates) give a deformed, supersymmetric Wess-Zumino model, formulated in a non commutative superspace with a non trivial deformation of the odd variables, and that has the correct classical limit.

The deformation of Φ^{(⋆2)} = Φ^2 is a total (∂, D) derivative.

Notice that one can use either the star product corresponding to a Poisson bracket of type { , }_1 (involving the D’s), or a star product associated with the Poisson bracket { , }_2 (involving the D̄’s). The prescription to compute the lagrangian will lead to the same lagrangian. So both star products can be used interchangeably in the action, and have the same physical meaning.

Let us compute the term of type 1. For n = 3. We have (using (5.3))

D̄^2D^2(Φ ⋆ Φ ⋆ Φ)|_{θ=θ̄=0} = D̄^2(D^2(Φ^3) − h^2 4 det P D^2ΦD^2ΦD^2Φ)|_{θ=}¯_{θ=0} = h^2 4 det P ( 1 2 σ^μ_{αα̇}σ^ν_{ββ̇} ϵ^{α̇β̇}∂_μψ^α∂_ν ψ^β F + F^2□A ) . Notice that the correction to the Wess-Zumino action computed in section 5.1 corresponds to the first component of the chiral superfield (D^2Φ)^3, and consequently breaks 1/2 supersymmetry (Q̄) (see (5.4)). In minkowskian spacetime, adding the hermitean conjugate of this term will break the other half of the supersymmetry (Q), so the resulting action will not be invariant under any supersymmetry.

Instead, the correction that we compute here is the last component of the same superfield (D^2Φ)^3. The variation of the last component of a chiral superfield under supersymmetry transformations is a total spacetime derivative, and the action is supersymmetric.

Acknowledgments

S.F. and O.M. want to thank the INFN, Sezione di Torino and the Politecnico di Torino for their hospitality during the realization of this work.

M.A.Ll. wants to thank the Departament de Física Teòrica of the Universitat de València and the IFIC for their hospitality during the realization of this work.

O.M. wants to thank the the Ministerio de Ciencia y Tecnología, Spain, for his FPI research grant.

Work supported in part by the European Community’s Human Potential Program under contract HPRN-CT-2000-00131 Quantum Space-Time, in which M. A. Ll. is associated to Torino University.

– 15 –

The work of S.F. has also been supported by the D.O.E. grant DE-FG03-91ER40662, Task C.

The work of M.A.Ll. and O.M. has also been supported by the research grant BFM 2002-03681 from the Ministerio de Ciencia y Tecnología (Spain) and from EU FEDER funds.

References

[1] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory:

compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162].

[2] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[3] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142].

[4] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

[5] H. Ooguri and C. Vafa, The c-deformation of gluino and non-planar diagrams,

hep-th/0302109; Gravity induced c-deformation, hep-th/0303063.

[6] J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string theory, hep-th/0302078.

[7] S. Doplicher, K. Fredenhagen and J.E. Roberts, The quantum structure of space-time at Planck scale and quantum fields, Commun. Math. Phys. 172 (1995) 187 [hep-th/0303037].

[8] A. Connes, Non commutative geometry, Academic Press, London 1990.

[9] G. Landi, An introduction to noncommutative spaces and their geometries, Springer-Verlag 1997.

[10] J. Madore, S. Schraml, P. Schupp and J. Wess, Gauge theory on noncommutative spaces, Eur. Phys. J. C 16 (2000) 161 [hep-th/0001203].

[11] D. Brace, B.L. Cerchiai and B. Zumino, Non-abelian gauge theories on noncommutative spaces, Int. J. Mod. Phys. A 17S1 (2002) 205.

[12] L. Alvarez-Gaumé and M.A. Vazquez-Mozo, General properties of noncommutative field theories, Nucl. Phys. B 668 (2003) 293 [hep-th/0305093].

[13] C.-S. Chu and F. Zamora, Manifest supersymmetry in non-commutative geometry, J. High Energy Phys. 02 (2000) 022 [hep-th/9912153].

[14] S. Ferrara and M.A. Lledó, Some aspects of deformations of supersymmetric field theories, J.

High Energy Phys. 05 (2000) 008 [hep-th/0002084].

[15] L. Brink and J.H. Schwarz, Quantum superspace, Phys. Lett. B 100 (1981) 310.

[16] J.H. Schwarz and P. van Nieuwenhuizen, Speculations concerning a fermionic substructure of space-time, Lett. Nuovo Cim. 34 (1982) 21.

[17] A. Schwarz, Noncommutative supergeometry, duality and deformations, Nucl. Phys. B 650 (2003) 475 [hep-th/0210271].

– 16 –

[18] R. Fioresi and M.A. Lledó, On algebraic supergroups, coadjoint orbits and their deformations,

math.QA/0301362.

[19] M. Hatsuda, S. Iso and H. Umetsu, Noncommutative superspace, supermatrix and lowest Landau level, hep-th/0306251.

[20] N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, J. High Energy Phys. 06 (2003) 010 [hep-th/0305248].

[21] N. Berkovits and N. Seiberg, Superstrings in graviphoton background and N = 1/2 + 3/2 supersymmetry, J. High Energy Phys. 07 (2003) 010 [hep-th/0306226].

[22] A.S. Galperin, E.A. Ivanov, V.I. Ogievetsky and E.S. Sokatchev, Harmonic superspace, Cambridge University Press, Cambridge 2001.

[23] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Deformation theory and quantization. 1. Deformations of symplectic structures, Ann. Phys. (NY) 111 (1978) 61.

[24] D. Klemm, S. Penati and L. Tamassia, Non(anti)commutative superspace, Class. and Quant.

Grav. 20 (2003) 2905 [hep-th/0104190].

[25] S. Ferrara, B. Zumino and J. Wess, Supergauge multiplets and superfields, Phys. Lett. B 51 (1974) 41.

[26] P. Deligne, Déformations de l’algèbre des fonctions d’une variété symplectique: comparaison entre Fedosov et De Wilde, Lecomte Selecta Math. New series 1 No. 4 (1995) 667.

[27] R. Britto, B. Feng and S.-J. Rey, Deformed superspace, N = 1/2 supersymmetry and (non)renormalization theorems, J. High Energy Phys. 07 (2003) 067 [hep-th/0306215].

[28] S. Terashima and J.-T. Yee, Comments on noncommutative superspace, hep-th/0306237.

– 17 –